The nonlinear interaction of two elastic waves at frequencies fl and f2 in an elastically nonlinear material can give rise to a collimated wave at the difference frequency fl --f2. Because the amplitude of a difference frequency beam is proportional to the degree of elastic nonlinearity of the material through which it passes, amplitude should be higher in a material containing microcracks such as rock than it is in uncracked materials such as metals, single crystals, or water in which nonlinear elastic interactions have previously been observed. The "nonlinear signal" is important for investigating the nonlinear properties of rocks. Such a beam has already proved useful as a low-frequency acoustic source in water and may ultimately be useful in geophysical exploration. In this paper, our observations of nonlinear signal generation in experiments with crystalline rocks are presented. Three criteria must be fulfilled in such experiments to establish that nonlinear interactions take place in the rock and not in the associated experimental apparatus: (1) The frequency of the observed nonlinear signal must precisely equal the difference frequency Af=fx -f:, (2) the amplitude of the nonlinear signal must be proportional to the product of the amplitudes of the primary beams, and (3) the trajectory of the nonlinear signal, which is a function of the input trajectories, wave types, frequencies, and rock velocities, must match that predicted by theory. We observed signals that satisfy the above three criteria in the frequency range from 0.1 to 1.0 MHz.
INTRODUCTION
Nonlinear elastic properties and their effects have received considerable study in the field of acoustics. Westervelt [1963] showed that two near-source, collinear (i.e., parallel), highfrequency "carrier" waves could interact to produce sound with frequencies equal to the sum and difference of the highfrequency carriers while retaining a radiation pattern characteristic of the carriers. The radiation pattern, formed when two monochromatic collinear carriers were injected into an elastically nonlinear medium, was shown to be similar to the pattern caused by a long linear array of signal sources in the medium itself. The collinear configuration has been called an end fire or parametric array by Bellin and Beyer [1962] , who produced evidence showing parametric array formation in water-filled tanks and in air. Muir and Willette [ 1972] demonstrated that the far-field radiation pattern of the beams at the sum and difference frequencies created by a parametric array was narrow and had no side lobes. Unterberger et al. [1981] conducted experiments of parametric array formation in a salt dome. The signal at the difference frequency Aris of particular interest since its amplitude decays more slowly with distance because of its longer wavelength. Thus despite the fact that the energy conversion from the primary input beams to the difference frequency beam is inefficient [Taylor and Rollins, 1964] , the combined effects of collimation and lower spatial attenuation produce a useful low-frequency acoustic source; exploitation of nonlinear beam generation has led to develCopyright 1987 by the American Geophysical Union.
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In experiments by other workers, the acoustic medium has been a uniform, uncracked material such as water, salt, metal, glass, or single crystals in which the nonlinearity arises primarily from the nonlinear elasticity of the material itself I- Hiki and Mukai, 1973] . We have used rocks, which are inherently much more nonlinear than the above mentioned materials, because rocks contain numerous microcracks that give rise to large changes of velocity with pressure [Birch, 1960] . In geophysics, elastic nonlinearity has usually been studied in connection with equations of state in which nonlinear contributions appear as third-order or higher terms in the elastic free energy expansion. These higher-order contributions are much greater in microcracked material [Watt et al., 1976] . Since the amplitude of the nonlinear signal is proportional to the value of the higher-order terms [Hiki and Mukai, 1973] , the larger nonlinear terms in microcracked material should be reflected in a larger amplitude of the difference frequency beam. Therefore, using rocks in nonlinear experiments should enhance the amplitude of the difference frequency beam as compared with the amplitude generated in uncracked materials. Eventually, we hope to study the nonlinearity of rocks through experimental observations of the difference frequency beam amplitude. Such studies could show how effective bulk and shear moduli vary with pressure.
In presenting experimental observations of the nonlinear interaction of elastic waves in crystalline rocks, a necessary first step is to confirm that the observed nonlinearity occurs within the bulk of the rock rather than in associated electronic apparatus. Our work has taken two principal directions as a result. First, we have investigated a number of different sample geometries, configurations of acoustic drivers and receivers, and electronic driving and detection methods in order to produce measurable, verifiable nonlinear effects. The two experimental geometries include (1) those that employ the collinear mixing of beams and (2) those of a noncollinear type in which two beams intersect at a predetermined angle. From these measurements the difference frequency beam, which propagates in a theoretically prescribed direction from the primary beams, is detected. Second, we have varied the experimental conditions so that nonlinear signals arising from wave interactions inside the rock samples can be differentiated from those that might arise elsewhere (within amplifiers and transducers or from surface wave interaction on the sample itself). We use the terms "nonlinear signal," "difference frequency signal," and "Af signal" synonymously throughout the following discussion.
OBSERVATION OF COLLINEAR MIXING
Several criteria must be met to determine the origin of a nonlinear signal and verify that it arises from nonlinear effects in the rock. The first criterion is, of course, that the frequency of the detected nonlinear signal should equal fx -f2. Accordingly, we searched for a signal at the difference frequency that occurred when the frequencies of the driving transducers were varied. A second criterion is that the amplitude of the difference frequency beam Aa• c should be proportional to the product of the amplitudes of the driving signals [Jones and Kobett, 1963; Rolleigh, 1975] . Because these two tests did not necessarily distinguish between nonlinear signals originating in the rock and those produced in the external transducers and electronics or through surface wave interaction, we also checked for directional effects. That is, when two collinear beams interact in the rock, the difference frequency beam should have a degree of collimation approximating that of the driving beams [Welsby, 1970; Rollei•7h, 1975] . Hence our third criterion was directionality of the difference beam. traveling from the rock center to the detecting transducer is proportional to A• times A2). However, if the nonlinear signal arose from mixing in the transducer, its amplitude should be decreased by about the same amount of loss suffered by the primary beam across the sample because the input signal from T c must first traverse the rock before interacting with T a. The primary beam amplitude loss across the sample was about 34 dB. The observed difference frequency signal, however, was only about 4 dB lower than that in the first case, thus demonstrating that the detected Af signal originated in the rock. This experiment also excluded the possibility that the nonlinear signal was created in the associated electronics and was beamed into the sample. That is, if the difference frequency had been produced in the electronics, attenuating would have caused a larger signal to occur when the detecting and driving transducers were face to face than when the detector and driver were at opposite' ends of the rock. In fact, the opposite observation was made, which indicates that , and 1000 kHz were used in our experiments, performed at frequencies of 150-1000 kHz. As in the collinear experiments, there was the possibility that nonlinear interactions could take place within the electronics or, in this experiment, through surface wave interaction between primary transducers and then be transmitted into the rock. We performed experiments to verify that the observed difference frequency was produced in the geometry given by the selection rules, thus demonstrating that the nonlinear interaction originated within the rock. If the difference frequency was created in the electronics or transducers, the spatial dependence predicted by the selection rules would not have been observed.
For the following experiments, we departed from the cylindrical sample geometry and cut the rock specifically for the interaction case P + P--} $, where frequency ratio a = 0.61, •p=39 ø, and 7=-36ø, and the P+S--} P case, where a-0.36, 7 = 38ø, and 7 = -35ø. This sample geometry was used so that the transducers could be attached to planar faces on the rock to improve bonding and bond reproducibility. The sample is shown in the inset of have expected the Afsignal response to be proportional to the received amplitude of f2 rather than to the predicted peak response. The extremely variable f2 amplitude is due to constructive and destructive interference effects produced by the sample size and geometry, plus the effect of changes between nodal and antinodal position of source and receiver as frequency changes. We also demonstrated that a similar response was observed when the roles off• and f2 were reversed. The plot in Figure 6 shows the signal amplitude of the Af signal versus the frequency ratio for both experiments, i.e., holding f• constant and sweeping f2 (dashed line) and holding f2 constant and sweepingf• (solid line). The results were nearly identical; both peaks in the amplitude of the Afsignal occurred at a frequency ratio of approximately 0.61, and the shapes of the curves match very well, indicating nearly identical amplitude responses in each case. This response could only appear if the difference frequency was produced within the intersection volume of the primary beams in the rock.
As noted, the selection rules state that for a given input angle •b or a given output angle 7 the frequency ratio for the maximum amplitude of the nonlinear signal is fixed. Therefore, to show that the above observation was independent of frequency as long as the frequency ratio remained constant, we repeated the frequency sweep experiment by holding f• at 500 kHz and sweeping f2, where the frequency ratio a at peak amplitude for this geometry was 305/500=0.61 for the P q-P-• $ case. We used the same geometrical configuration 3. The directional dependence of the amplitude of the difference frequency beam was demonstrated in noncollinear experiments by sweeping either f• or f2 away from the correct frequency ratio for computed angles of interaction. In these latter experiments, a peak amplitude in the Af signal was observed at the expected frequency ratio for the appropriate geometry and interaction case, and the amplitude decreased away from this peak. Furthermore, we observed a decrease in the amplitude of the Af signal by moving the output transducer away from the theoretically predicted peak while leaving the frequency ratio unchanged.
4. Finally, we observed the predicted polarity dependence of the Afsignal amplitude. The general conclusion is that nonlinear interaction of elastic waves can occur in a heterogeneous material such as rock and that the strong elastic nonlinearity of such materials may prove useful. For example, the Af signal may be of use as a seismic source in geophysical exploration applications. Of academic interest is the application of the technique to the study of nonlinear properties of rocks. and Mukai, 1973]. As these workers noted, the shear wave input transducer may not produce a perfectly polarized signal, and in our case, elastic anisotropy could have enhanced the wronglypolarized signal. As a further check of polarization, we found that for P + P--• S, the output shear wave was dominantly polarized in the k•-k2-k 3 plane, as predicted.
CONCLUSIONS
We have demonstrated that the nonlinear interaction of two elastic waves creates a wave at the difference frequency in two types of crystalline rock.
The difference frequency tracked f•-f2
where the primary frequency f• or f2 was swept over a large frequency range.
2. Experiments clearly showed that the amplitude of the difference frequency was proportional to the product of the amplitudes of the primary driving frequencies.
